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Permutations

Definition

A permutation π of length n is an ordered list of the numbers 1, 2, . . . , n.
Sn is the set of all permutations of length n.

S1 = {1}

S2 = {12, 21}

S3 = {123, 132, 213, 231, 312, 321}

|Sn| = n · (n − 1) · (n − 2) · · · 1 = n!
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Permutations

Note

Permutation π = π1π2 · · ·πn is often visualized by plotting the points
(i , πi ) in the Cartesian plane.

123 132 213

231 312 321
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Permutations
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π = 562719348
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Permutations
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Permutations
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Permutations

562719348 contains the pattern 132
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Permutations

562719348 contains the pattern 1234
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Permutations

562719348 avoids the pattern 4321
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Permutations

Big question

How many permutations of length n contain the permutation ρ?

Or, alternatively...

Big question

How many permutations of length n avoid the permutation ρ?

(depends on what ρ is!)
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Permutations

Question

How many permutations of length n avoid the permutation ?

Length 1? (1)

Length 2? (1)

Length 3? (1)

The decreasing permutation is the only permutation
of length n that avoids 12.

Similar: the increasing permutation is the only permutation
of length n that avoids 21.
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Permutations

Question

How many permutations of length n avoid the permutation ?

Length 1? (1)

Length 2? (2)

Length 3? (5)
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Permutations

Question

How many permutations of length n avoid the permutation ?

Length 4? (14)
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Permutations

Question

How many permutations of length n avoid the permutation ? (Cn)

Answer: C0 = 1, C1 = 1, and for larger n:

Cn = C0Cn−1 + C1Cn−2 + · · ·+ Cn−1C0 =
n∑

i=1

Ci−1Cn−i

1, 1, 2, 5, 14, 42, 132, . . . (Catalan numbers!)
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Permutations
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Permutations

Question

How many permutations of length n avoid the permutations

and ?
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Permutations

Question

How many permutations of length n avoid the permutations

and ? (Tn)

or

Answer: T1 = 1 and Tn = Tn−1 + Tn−1 = 2Tn−1, so...

Tn = 2n−1.
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Permutations

Question

How many permutations of length n avoid the permutations

and and ?
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Permutations

Question

How many permutations of length n avoid the permutations

and and ? (Fn)

or

Answer: F0 = F1 = 1 and for larger n,

Fn = Fn−1 + Fn−2.

1, 1, 2, 3, 5, 8, 13, . . . (Fibonacci numbers!)
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Permutations

How many permutations of length n avoid the pattern...

12? 1

132? (Catalan)

132 and 231? 2n−1

132 and 213 and 123? (Fibonacci)

1234? 1, 1, 2, 6, 23, 103, 513, 2761, . . . (Gessel, 1990)

1342? 1, 1, 2, 6, 23, 103, 512, 2740, . . . (Bóna, 1997)

1324? 1, 1, 2, 6, 23, 103, 513, 2762, . . . (open question!)
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Why avoid patterns?
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Stack Operations

push – first element of input to top of stack

pop – top element of stack to end of output

Input: 21534

Output:

Input: 1534

2

Output:

Input: 534

2

1

Output:

Input: 534

2

Output: 1

Input: 534

Output: 12

Input: 34

5

Output: 12

Input: 4

5

3

Output: 12

Input: 4

5

Output: 123

Input:

5

4

Output: 123

Input:

Output: 12345
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Stack Operations

push – first element of input to top of stack

pop – top element of stack to end of output

What about 231?

Input: 231

Output:

Input: 31

2

Output:

Input: 31

Output: 2

Input: 231

Output:

Input: 31

2

Output:

Input: 1

2

3

Output:
Patterns in Permutations Lara Pudwell 23 / 39



Permutations/Mathematics Avoiding/Computer Science Containing/Chemistry And More

Theorem (Knuth, 1968)

A permutation is stack sortable if and only if it avoids 231.

Proof sketch: (by induction)

Output? ���
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Definition

Given permutations ρ and π, c(ρ, π) is the number of copies of ρ in π.

Question

Given n and ρ, what is the largest possible value of c(ρ, π) if π ∈ Sn?

Example: n = 3 and ρ = 12

c(12, 123) = 3 c(12, 132) = 2 c(12, 213) = 2

c(12, 231) = 1 c(12, 312) = 1 c(12, 321) = 0

maxπ∈S3 c(12, π) = 3

Patterns in Permutations Lara Pudwell 25 / 39



Permutations/Mathematics Avoiding/Computer Science Containing/Chemistry And More

Counting Question

Given n and ρ, what is the largest possible value of c(ρ, π) if π ∈ Sn?

Long-run Behavior Question

Given ρ, what is d(ρ) = lim
n→∞

maxπ∈Sn c(ρ, π)( n
|ρ|
) ?

d(ρ) is called the packing density of ρ.

For all permutations ρ, d(ρ) exists.
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Long-run Behavior Question

Given ρ, what is d(ρ) = lim
n→∞

maxπ∈Sn c(ρ, π)( n
|ρ|
) ?

d(12 · · ·m) = 1

d(132) = 2
√

3− 3

d(1243) = d(2143) = 3
8

d(1432) ≈ 0.42357
(root of a degree 3 polynomial)

d(1324)? d(1342)? d(2413)?
conjectured but open!

e.g.

contains
(8
3

)
copies of 123
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An is the set of permutations where π1 < π2 > π3 < π4 · · ·

Examples:

1324 1423 2314 2413 3412

Revised Counting Question

Given n and ρ, what is the largest possible value of c(ρ, π) if π ∈ An?

Known:

lim
n→∞

maxπ∈Sn c(ρ, π)( n
|ρ|
) = lim

n→∞

maxπ∈An c(ρ, π)( n
|ρ|
)

Patterns in Permutations Lara Pudwell 28 / 39



Permutations/Mathematics Avoiding/Computer Science Containing/Chemistry And More

Packing 123

1 32 54 76 · · · is the alternating permutation of length n with the most
copies of 123.
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Packing 123

n even vs. n odd

n
2 − 1 layers of size 2 n−1

2 layers of size 2

Copies of 123 can use:
three layers of size 2 three layers of size 2
two layers of size 2 two layers of size 2
one layer of size 2
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Counting Sequences

Let a(n) be the number of copies of 123 in 1 32 54 76 · · · .

a(n) =

{
2(n2 − 1) + 8

( n
2
−1
2

)
+ 8
( n

2
−1
3

)
n even

4
( n−1

2
2

)
+ 8
( n−1

2
3

)
n odd

2, 4, 12, 20, 38, 56, 88, 120, 170, 220, 292, 364, 462, 560, 688, 816, 978, . . .
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Alkaline Earth Metals (Group 2)
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A little chemistry...

Quantum numbers describe trajectories of electrons.
I n (principal number) determines the electron shell

n = 1, 2, 3, . . .
I ` (orbital angular momentum) determines the shape of the orbital

0 ≤ ` ≤ n − 1

` = 0 ` = 1 ` = 2

I m (magnetic number) determines number of orbitals and orientation
within shell

−` ≤ m ≤ `
I Two possible spin numbers for each choice of (n, `,m)

Patterns in Permutations Lara Pudwell 34 / 39



Permutations/Mathematics Avoiding/Computer Science Containing/Chemistry And More

Observation: copies of 123 come in pairs.

Given a copy xyz of 123 where y is even, x(y + 1)z is also a copy of 123.

We will assign a tuple of integers to each such pair.
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xyz corresponds to the tuple (n, `,m) where...

|m| is the layer where x is found (count layers starting with 0).

m is negative if we use the smaller entry in the layer as x , positive if
we use the larger entry.

`+ 1 is the layer where y is found.

n + `+ 3 = z .

Example: 1 32 54 76 (layer 0: 1, layer 1: 32, layer 2: 54, layer 3: 76)

copies tuple copies tuple copies tuple

124,134 (1,0,0) 146,156 (2,1,0) 147,157 (3,1,0)
125,135 (2,0,0) 246,256 (2,1,-1) 247,257 (3,1,-1)
126,136 (3,0,0) 346,356 (2,1,1) 347,357 (3,1,1)
127,137 (4,0,0)
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For further reading...

Miklos Bóna, Combinatorics of Permutations, Chapman & Hall, 2004.

Donald Knuth, The Art of Computer Programming: Volume 1,
Addison Wesley, 1968.

Lara Pudwell, From permutation patterns to the periodic table,
Notices of the American Mathematical Society. 67.7 (2020),
994–1001.

The On-Line Encyclopedia of Integer Sequences at oeis.org.

FindStat at findstat.org

Thanks for listening!
slides at faculty.valpo.edu/lpudwell
email: Lara.Pudwell@valpo.edu
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