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What is counting (as research)? These are a few of my favorite things. What really counts?

What is counting (as research)?

∑
π∈P2

x |π| =
x(x2 + 1)

1− 2x − x2 − 2x3

Goal: Answer “How many?” in an efficient, strategic way.
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What is counting (as research)? These are a few of my favorite things. What really counts?

What to count?

What Really Counts Lara Pudwell 3 / 32



What is counting (as research)? These are a few of my favorite things. What really counts?

A permutation of length n is an list of the numbers 1, 2, . . . , n where order
matters.

Permutations of length 1? 1

Permutations of length 2? 12 21

Permutations of length 3? 123 132
213 231
312 321

Fact

There are n · (n − 1) · (n − 2) · · · 1 = n! permutations of length n.
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What is counting (as research)? These are a few of my favorite things. What really counts?

Permutations in picture form

Visualize permutations by plotting the points in the plane.
(Heights correspond to digits in the permutation.)

123 132 213

231 312 321
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What is counting (as research)? These are a few of my favorite things. What really counts?

A bigger permutation picture
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What is counting (as research)? These are a few of my favorite things. What really counts?

Patterns in permutations
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Patterns in permutations

562719348 contains the pattern 132
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Patterns in permutations

562719348 contains the pattern 1234
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What is counting (as research)? These are a few of my favorite things. What really counts?

Patterns in permutations

562719348 avoids the pattern 4321
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What is counting (as research)? These are a few of my favorite things. What really counts?

Big question

How many permutations of length n contain the permutation p?

Or, alternatively...

Big question

How many permutations of length n avoid the permutation p?

(depends on what p is!)
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What is counting (as research)? These are a few of my favorite things. What really counts?

Why avoid patterns?

Theorem (Knuth, 1968)

A permutation is stack sortable if and only if it avoids 231.
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What is counting (as research)? These are a few of my favorite things. What really counts?

What’s my application motivation?

Knuth (1968): avoiding 231 is useful in computer science

Mathematicians (1980s): what interesting things happen when we
avoid other patterns?

Directions in past 30+ years:

Theme: studying new mathematical structure for its own sake

Bonus: spotting surprise connections
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What is counting (as research)? These are a few of my favorite things. What really counts?

Isn’t that peculiar?
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What is counting (as research)? These are a few of my favorite things. What really counts?

Pyramids of cubes

6 18 34
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What is counting (as research)? These are a few of my favorite things. What really counts?

Theorem

The surface area of Harris’s nth pyramid of blocks is...

the number of lists with two 1s, two 2s, . . . , and two (n + 1)s
that avoid 132, 231, and 2134.

Example:

has surface area 18.

18 pattern-avoiding lists:

112233, 121233, 122133, 211233, 212133, 221133
311223, 312123, 312213, 321123, 321213, 322113
331122, 331212, 331221, 332112, 332121, 332211
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What is counting (as research)? These are a few of my favorite things. What really counts?

The next step is...

Theorem (Knuth, 1968)

A permutation is stack sortable if and only if it avoids 231.

Theorem (Avis and Newborn, 1981)

A permutation is pop-stack sortable if and only if it avoids 231 and 312.

Theorem (West, 1990)

A permutation is sortable after two passes through a stack if and only if it
avoids 2341 and 35241.
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What is counting (as research)? These are a few of my favorite things. What really counts?

Theorem (Pudwell and Smith, 2019)

A permutation is sortable after two passes through a pop-stack if and only
if it avoids 2341, 3412, 3421, 4123, 4231, 4312, 41352, and 41352.

The number of such permutations is...
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What is counting (as research)? These are a few of my favorite things. What really counts?

Theorem (Pudwell and Smith, 2019)

A permutation is sortable after two passes through a pop-stack if and only
if it avoids 2341, 3412, 3421, 4123, 4231, 4312, 41352, and 41352.

The number of such permutations is...

the number of n-square polyominoes...
that can be drawn on a “twisted cylinder” of width 3.

e.g. and are now the same
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What is counting (as research)? These are a few of my favorite things. What really counts?

What if...?

A permutation is alternating if its adjacent pairs of digits alternate
between increasing and decreasing pairs.

Examples:

1324 1423 2314 2413 3412

Which of these examples has the most 123 patterns?
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What is counting (as research)? These are a few of my favorite things. What really counts?

Many 123s

The alternating permutation with the most 123s possible looks like this:

Question: How many 123 patterns does it have?

2 copies 4 copies 12 copies 20 copies
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What is counting (as research)? These are a few of my favorite things. What really counts?

Many 123s

2, 4, 12, 20, 38, 56, 88, 120, 170, 220, 292, 364, 462, 560, 688, 816, 978, . . .
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What is counting (as research)? These are a few of my favorite things. What really counts?

Alkaline Earth Metals (Group 2)
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What is counting (as research)? These are a few of my favorite things. What really counts?

...and more!
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What is counting (as research)? These are a few of my favorite things. What really counts?

My (personal) motivation

(Mathematical) Beauty

(Delight in surprise connections)

(Mathematical) Truth

(Rising to the challenge of writing rigorous proofs)

Community

(Sharing the (pursuit of) beauty and truth with others)

What Really Counts Lara Pudwell 21 / 32



What is counting (as research)? These are a few of my favorite things. What really counts?

My (personal) motivation

(Mathematical) Beauty

(Delight in surprise connections)

(Mathematical) Truth

(Rising to the challenge of writing rigorous proofs)

Community

(Sharing the (pursuit of) beauty and truth with others)

What Really Counts Lara Pudwell 21 / 32



What is counting (as research)? These are a few of my favorite things. What really counts?

My (personal) motivation

(Mathematical) Beauty

(Delight in surprise connections)

(Mathematical) Truth

(Rising to the challenge of writing rigorous proofs)

Community

(Sharing the (pursuit of) beauty and truth with others)

What Really Counts Lara Pudwell 21 / 32



What is counting (as research)? These are a few of my favorite things. What really counts?

Community: with other researchers

Permutation Patterns 2019, Zurich, Switzerland
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What is counting (as research)? These are a few of my favorite things. What really counts?

Community: with other researchers

Permutation Patterns Locations
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Community: with other researchers

Permutation Patterns 2020
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What is counting (as research)? These are a few of my favorite things. What really counts?

Community: with students

Explore Your Future in Mathematics!

valpo.edu/mcs/verum

Program Dates: May 30 – July 31, 2012

Program Highlights
•	 Learn from expert mathematicians.
•	 Participate in two undergraduate research conferences.
•	 Participate in the Joint Mathematics Meeting.
•	 Travel to area graduate schools.
•	 Take fun trips to Chicago and the Indiana Dunes Lakeshore.

Application Deadline: February 27, 2012

Applicant Requirement
•	 Must be a citizen or permanent resident of the United 

States or its possessions.
•	 Must be a full-time undergraduate student in 2012-2013.
•	 Must have completed linear algebra, or another 

proof-based course.

The Valparaiso Experience in Research by Undergraduate Mathematicians (VERUM) program seeks exceptional rising sophomore 
and junior students looking for a research experience in mathematical sciences. It’s the perfect opportunity to determine whether 
graduate studies in the mathematical sciences should be part of your future plans. First generation college students, minority students, 
and women are particularly encouraged to apply.

Each participant will be provided with residence hall accommodations on campus, $4,050 stipend, travel reimbursement to Valparaiso 
University for the summer, and partial travel reimbursement to the Joint Mathematics Meeting in January 2013.

Most projects are in combinatorics and mathematical biology, with additional projects selected from other areas of mathematics, 
statistics, and computer science. A complete list of current and past projects can be found on the program website.

Mathematics and
Computer Science
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What is counting (as research)? These are a few of my favorite things. What really counts?

Community: with young thinkers

MathPath (mathpath.org)
a national residential summer camp for 11-14 year olds

showing high interest in mathematics.
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What is counting (as research)? These are a few of my favorite things. What really counts?

Math in Action?

What Really Counts Lara Pudwell 29 / 32



What is counting (as research)? These are a few of my favorite things. What really counts?

Beautiful Structure
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What is counting (as research)? These are a few of my favorite things. What really counts?

Beauty + Truth + Community = Joy
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What is counting (as research)? These are a few of my favorite things. What really counts?

For more technical details...

Lara Pudwell, Stacking blocks and counting permutations, Mathematics Magazine
83 (2010), 297–302.

Lara Pudwell and Rebecca Smith, Two-stack-sorting with pop stacks, Australasian
Journal of Combinatorics 74.1 (2019), 179–195.

Lara Pudwell, From permutation patterns to the periodic table, Notices of the
American Mathematical Society 67.7 (2020), 994–1001.

Lara Pudwell, The hidden and surprising structure of ordered lists, Math Horizons
29.3 (February 2022), 5–7.

Thanks for listening!
slides at faculty.valpo.edu/lpudwell
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