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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Permutations

Definition

A permutation π of length n is an ordered list of the numbers 1, 2, . . . , n.
Sn is the set of all permutations of length n.

π is often visualized by plotting the points (i , πi ) in the Cartesian plane.

123 132 213

231 312 321
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Permutation Constructions

In = 12 · · · n Jn = n · · · 21

α

β α

β

α⊕ β α	 β
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Permutation Patterns

Definition

π ∈ Sn contains ρ ∈ Sm as a pattern if there exist
1 ≤ i1 < i2 < · · · < im ≤ n such that πia < πib iff ρa < ρb.
If π doesn’t contain ρ, we say π avoids ρ and we write π ∈ Sn(ρ).

Example: π = 2314 ∈ S4(321).
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Pattern Avoidance

Let sn(ρ) = |Sn(ρ)|.

Theorem

For n ≥ 0, sn(12) = sn(21) = 1.

S8(12) S8(21)
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Pattern Avoidance Symmetries

sn(123) = sn(321)

sn(132) = sn(213) = sn(231) = sn(312)
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Pattern Avoidance

Theorem

If ρ ∈ S3, then sn(ρ) =
(2nn )
n+1 .

A member of S8(123) A member of S8(132)

Packing patterns in restricted permutations Lara Pudwell 7 / 36



Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Pattern Avoidance

Theorem

If ρ ∈ S3, then sn(ρ) =
(2nn )
n+1 .

A member of S8(123) A member of S8(132)

Packing patterns in restricted permutations Lara Pudwell 7 / 36



Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Pattern Avoidance

Theorem

If ρ ∈ S3, then sn(ρ) =
(2nn )
n+1 .

A member of S8(123) A member of S8(132)

Packing patterns in restricted permutations Lara Pudwell 8 / 36



Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Patterns

Definition

π ∈ Sn contains ρ ∈ Sm as a pattern if there exist
1 ≤ i1 < i2 < · · · < im ≤ n such that πia < πib iff ρa < ρb.

Example:

π = 2314 contains...
1 copy of 123
2 copies of 213
1 copy of 231
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Pattern Packing

ν(ρ, π) is the number of occurrences of ρ in π.

Given n and ρ, consider maxπ∈Sn ν(ρ, π)
Example: n = 3 and ρ = 12

ν(12, 123) = 3 ν(12, 132) = 2 ν(12, 213) = 2

ν(12, 231) = 1 ν(12, 312) = 1 ν(12, 321) = 0

maxπ∈S3 ν(12, π) = 3

d(ρ) = lim
n→∞

maxπ∈Sn ν(ρ, π)( n
|ρ|
) (packing density)
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Pattern Packing

ν(ρ, π) is the number of occurrences of ρ in π.

d(ρ) = lim
n→∞

maxπ∈Sn ν(ρ, π)( n
|ρ|
) (packing density)

Known:

d(12 · · ·m) = 1 (Pack 12 · · ·m into 12 · · · n.)
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) (packing density)

Known:
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For all ρ ∈ Sm, d(ρ) exists.

If ρ is layered, then maxπ∈Sn ν(ρ, π) is achieved by a layered π.
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Packing 132

Known: Since 132 is layered, then maxπ∈Sn ν(132, π) is achieved by a
layered π.

α

π = α⊕ Ji

ν(132, π) = ν(132, α) + (n − i) ·
(
i

2

)

ν(132,π)

(n3)
is maximized when i =

(
3
2 −

√
3
2

)
n ≈ 0.634n

Implies d(132) = 2
√

3− 3 ≈ 0.464
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Pattern Packing

ν(ρ, π) is the number of occurrences of ρ in π.

d(ρ) = lim
n→∞

maxπ∈Sn ν(ρ, π)( n
|ρ|
) (packing density)

Known:

d(12 · · ·m) = 1 (Pack 12 · · ·m into 12 · · · n.)

For all ρ ∈ Sm, d(ρ) exists.

If ρ is layered, then maxπ∈Sn ν(ρ, π) is achieved by a layered π.

d(132) = 2
√

3− 3 ≈ 0.464

Packing patterns in restricted permutations Lara Pudwell 14 / 36



Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Notation

ν(ρ, π) is the number of occurrences of ρ in π.

Previous work:

d(ρ) = lim
n→∞

maxπ∈Sn ν(ρ, π)( n
|ρ|
)

In this talk:

dσ(ρ) = lim
n→∞

maxπ∈Sn(σ) ν(ρ, π)( n
|ρ|
) dA(ρ) = lim

n→∞

maxπ∈An ν(ρ, π)( n
|ρ|
)

An is the set of alternating permutations,
i.e. those that avoid consecutive 123 patterns and consecutive 321
patterns.
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Packing patterns of length 3

Recall: dσ(ρ) = lim
n→∞

maxπ∈Sn(σ) ν(ρ, π)( n
|ρ|
)

ρ\σ 123 132 213 231 312 321 -

123 1

132 2
√

3− 3
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Packing patterns of length 3

Recall: dσ(ρ) = lim
n→∞

maxπ∈Sn(σ) ν(ρ, π)( n
|ρ|
)

ρ\σ 123 132 213 231 312 321 -

123 0 1 1 1 1 1 1

132 ? 0 ? 2
√

3− 3 2
√

3− 3 ? 2
√

3− 3

In = 12 · · · n avoids σ ∈ S3 \ {123}.
Layered permutations avoid 231 and 312.

New: d123(132), d213(132), and d321(132)
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Packing 132

...and avoiding 123

Ji ⊕ Jn−i has i
(n−i

2

)
copies of

132. (Jn = n · · · 21)

Maximized when i = bn3c.

Implies d123(132) =
4

9
.

...and avoiding 213

Ii ⊕ Jn−i has i
(n−i

2

)
copies of

132.

Maximized when i = bn3c.

Implies d213(132) =
4

9
.
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Packing 132 and Avoiding 321

Ia ⊕ (Ib 	 Ic) has a · b · c copies of 132.
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Replace initial Ia with a 132-optimizer of length a to get more copies.
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Packing 132 and Avoiding 321

Ia ⊕ (Ib 	 Ic) has a · b · c copies of 132.

Replace initial Ia with a 132-optimizer of length a to get more copies.

Optimized when a =
(√

3
2 −

1
2

)
n, b = c =

(
3
4 −

√
3
4

)
n.

Implies d321(132) =
√

3− 3
2 .
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Recap:

dσ(ρ) = lim
n→∞

maxπ∈Sn(σ) ν(ρ, π)( n
|ρ|
)

ρ\σ 123 132 213 231 312 321 -

123 0 1 1 1 1 1 1

132 4
9 0 4

9 2
√

3− 3 2
√

3− 3
√

3− 3
2 2

√
3− 3

Or approximately...

ρ\σ 123 132 213 231 312 321 -

123 0 1 1 1 1 1 1

132 0.444 0 0.444 0.464 0.464 0.232 0.464
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Packing patterns of length 4

Recall: dσ(ρ) = lim
n→∞

maxπ∈Sn(σ) ν(ρ, π)( n
|ρ|
)

ρ\σ 123 132 213 231 312 321 -

1234 1

1432 α

2143 3
8

1243 3
8

1324 ≈ 0.244

1342 ≈ 0.19658

2413 ≈ 0.10474

α is the real root of x3 − 12x2 + 156x − 64 (≈ 0.42357)
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n→∞
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1234 0 1 1 1 1 1 1

1432 0 α α 0 α

2143 0 0 3
8

3
8

3
8

1243 0 0 3
8

3
8

3
8

1324 0 0 0 β β ≈ 0.244 (β)

1342 0 0 0 ≈ 0.19658

2413 0 0 0 0 ≈ 0.10474

α is the real root of x3 − 12x2 + 156x − 64 (≈ 0.42357)
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Packing patterns of length 4

Recall: dσ(ρ) = lim
n→∞

maxπ∈Sn(σ) ν(ρ, π)( n
|ρ|
)

ρ\σ 123 132 213 231 312 321 -

1234 0 1 1 1 1 1 1

1432 27
64 0 27

64 α α 0 α

2143 3
8 0 0 3

8
3
8 ≥ 3

32
3
8

1243 0 0 3
8

3
8

3
8 ≥ 3

16
3
8

1324 0 0 0 β β ≥ γ ≈ 0.244 (β)

1342 0 0 ≥ 3
16 0 ≥ 3

16 ≥ δ ≈ 0.19658

2413 ≥ 3
32 0 0 0 0 ≥ 3

32 ≈ 0.10474

α is the real root of x3 − 12x2 + 156x − 64 (≈ 0.42357)
3
16 = 0.1875, 3

32 = 0.09375, 27
64 = 0.421875

γ ≈ 0.09450, δ ≈ 0.18825
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Joint Distributions

123 vs. 132 123 vs. 231 123 vs. 321

132 vs. 213 132 vs. 231
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

More Joint Distributions

123, 312, 321 132, 213, 321 213, 231, 321

132, 213, 231 231, 312, 321
Packing patterns in restricted permutations Lara Pudwell 22 / 36



Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Alternating Permutations

An is the set of permutations of length n avoiding 123 and 321
consecutively.

1324 1423 2314 2413 3412
4231 4132 3241 3142 2143

Goal: Find dA(ρ) = lim
n→∞

maxπ∈An ν(ρ, π)( n
|ρ|
)
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

Alternating packing densities

Packing 123

1⊕ 21⊕ · · · ⊕ 21 (⊕1)

Implies dA(123) = 1.

Packing 132

Use same ratios for “alternating
layers” as 132-optimizer in Sn.

Implies dA(132) = 2
√

3− 3.
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Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

In fact...

Proposition

For all ρ ∈ Sk , d(ρ) = dA(ρ).

Fix τn such that lim
n→∞

ν(ρ, τn)(n
k

) = d(ρ) and let m ≥ 1.

Let σn be obtained by inflating each point of τn with an alternating
permutation of length m or m + 1.
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permutation of length m or m + 1.

lim
n→∞

ν(ρ, τn) ·mk
(n
k

)(n
k

) ≤ lim
n→∞

ν(ρ, σn)
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Packing 123

1⊕ 21⊕ · · · ⊕ 21 (⊕1)

Implies dA(123) = 1.

(n
3

)
subsequences of length 3.

≈ c ·
(n
2

)
are not 123 patterns.
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Counting Sequences

Let a123(n) be the number of copies of 123 in 1⊕ 21⊕ · · · ⊕ 21 (⊕1).

a123(n) =

{
2(n2 − 1) + 8

( n
2
−1
2

)
+ 8
( n

2
−1
3

)
n even

4
( n−1

2
2

)
+ 8
( n−1

2
3

)
n odd

2, 4, 12, 20, 38, 56, 88, 120, 170, 220, 292, 364, 462, 560, 688, 816, 978, . . .
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Alkaline Earth Metals (Group 2)
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Permutation packing and electrons

A little chemistry...

Quantum numbers describe trajectories of electrons.

I n (principal number) determines the electron shell

n = 1, 2, 3, . . .
I ` (orbital angular momentum) determines the shape of the orbital

0 ≤ ` ≤ n − 1

` = 0 ` = 1 ` = 2

I m (magnetic number) determines number of orbitals and orientation
within shell

−` ≤ m ≤ `
I Two possible spin numbers for each choice of (n, `,m)
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Notation for copies of 123 in 1⊕ 21⊕ · · · ⊕ 21 (⊕1)

Observation: copies of 123 come in pairs.
1⊕ 21⊕ · · · ⊕ 21⊕ 1

Given xyz embedding of 123 where y is even, x(y + 1)z is also a 123.
We will assign a tuple of integers to each such pair.
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Copies of 123 mapped to tuples

xyz corresponds to the tuple (n, `,m) where...

|m| is the layer where x is found (count layers starting with 0).

m is negative if we use the smaller entry in the layer as x , positive if
we use the larger entry.

` is the layer of size 2 where y is found (count layers starting with 0).

n + `+ 3 = z .

Example: 1⊕ 21⊕ 21⊕ 21 = 1 32 54 76

copies tuple copies tuple copies tuple

124,134 (1,0,0) 146,156 (2,1,0) 147,157 (3,1,0)
125,135 (2,0,0) 246,256 (2,1,-1) 247,257 (3,1,-1)
126,136 (3,0,0) 346,356 (2,1,1) 347,357 (3,1,1)
127,137 (4,0,0)
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These tuples are valid quantum numbers

Layer 0 contains 1.
Layer L contains 2L and 2L + 1.
(For even length, the last layer has
one point.)

Construction: xyz is a 123 occurrence with...

x in layer |m|, y in layer `+ 1, and z in layer `+ 2 or higher.

Consequences:

z ≥ 2(`+ 2) and n = z − `− 3 imply n ≥ `+ 1 ≥ 1 and so ` ≤ n− 1.

x in an earlier layer than y implies |m|+ 1 ≤ `+ 1 and so |m| ≤ `.
A new ` value is introduced for each even permutation length.
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Periodic Table, Take 2

Subshell is (n, `) with ` given by s (` = 0), p (` = 1), d (` = 2), f (` = 3).
e.g. Calcium has subshells with

(n, `) ∈ {(1, 0), (2, 0), (2, 1), (3, 0), (3, 1), (4, 0)}.
Packing patterns in restricted permutations Lara Pudwell 34 / 36



Introduction Packing with Classical Restrictions Packing in Alternating Permutations Wrapping up

123s to electrons

e.g. Calcium has subshells with
(n, `) ∈ {(1, 0), (2, 0), (2, 1), (3, 0), (3, 1), (4, 0)}.
Subshell: Know n and `. Need all tuples (n, `,m) where −` ≤ m ≤ `

We saw the copies of 123 in 1⊕ 21⊕ 21⊕ 21 = 1325476 are:

copies tuple copies tuple copies tuple

124,134 (1,0,0) 146,156 (2,1,0) 147,157 (3,1,0)
125,135 (2,0,0) 246,256 (2,1,-1) 247,257 (3,1,-1)
126,136 (3,0,0) 346,356 (2,1,1) 347,357 (3,1,1)
127,137 (4,0,0)
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Future Directions

Determine dσ(ρ) for other patterns.

Joint distributions of patterns.

Bijections between pattern embeddings and other combinatorial
objects.
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